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Abstract
Using Schwarzschild – de-Sitter (Kottler) metric we derive a simple analytical relation between
a shadow size and Λ-term. Current observations of the smallest spot to evaluate shadow size at
the Galactic Center do not reach an accuracy comparable with cosmological Λ-term ∼ 10−52m−2,
however, if in reality we have dark energy instead of a constant Λ-term then dark energy may
be a function depending on time and space and it could be approximated with a local constant
Λ-term near the Galactic Center and it is important to introduce a procedure to evaluate the Λ-
term. We suggest such a procedure based on a black hole shadow evaluation. Surprisingly, current
observational estimates of shadows are in agreement with anti-de-Sitter spacetimes corresponding
to a negative Λ-term which is about −0.4 × 10−20m−2. A negative Λ-term has been predicted in
the framework of a some class of multidimensional string models.
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I. INTRODUCTION
First solutions corresponding to spherical symmetric black holes were found [1, 2] soon
after discovery of general relativity. Now the Kottler metric is called usually as the
Schwarzschild – de-Sitter one because it consists of the Schwarzschild and the de-Sitter
solutions for a suitable choice of parameters and one has the black hole and cosmologi-
cal (de-Sitter) metrics as corresponding limiting cases. We will not discuss the topological
structure of the solution was analyzed in details [3].
Generally speaking, an appearance of the Λ-term (introduced by Einstein [4]) in the
geometrical part of the Einstein equations are rather natural and one can find it in old
textbook and monographs published even before 1998 (see, for instance, [8]) when it was
established the Λ-term presence in the conventional cosmological models using SNIa data [9]
(the discovery was confirmed with alternative techniques, see [10] and references therein),
however, perhaps the Gamow’s story (or the fairy tale) on the Einstein’s statement about
”the biggest blunder” [5] concerning Λ-term in the gravitational field equations to create
a static cosmological model (see, for a discussion [6] and [7]) significantly broke intensive
studies of all aspects of the Λ-term presence in the Einstein’s gravitational field equations.
If the Λ-term is putting in the stress-energy part of Einstein’s field equations it can be
treated as an additional component of energy (so-called dark energy introduced in [11]) and
in principle the component can be slightly different from constant Λ and may be function of
spacetime coordinates. There are many theoretical and observational proposals to investigate
dark energy, including investigations of dark energy accretion onto black holes [12].
In spite of the fact that the Schwarzschild – de-Sitter solutions are known for many years,
there is still a discussion about observable signatures of the Λ-term in gravitational lensing
starting probably since the Islam’s claim that a Λ-term presence is observable [13], while
Rindler & Ishak criticized this statement [14] (see, papers reflecting different opinions con-
cerning the issue [15] and references therein). The most of these papers have no mistakes but
opposite sides use different approaches and there is no agreement in definition of observable
quantities and usually it is very hard to evaluate accuracies of suggested approaches and
contributions of systematic errors.
In spite of the fact that black hole solutions of Einstein equations are known for al-
most century there are not too many astrophysical examples where one really need a strong
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gravitational field approximation but not small relativistic corrections to a Newtonian gravi-
tational field. One of the most important option to test a gravity in the strong field approxi-
mation is analysis of relativistic line shape as it was shown in [16]. Later on, such signatures
of the Fe Kα-line have been found in the active galaxy MCG-6-30-15 [17]. Analyzing the
spectral line shape the authors concluded the emission region is so close to the black hole
horizon that one has to use Kerr metric approximation to fit observational data [17]. Results
of our simulations of iron Kα line formation are given in [18] (where we used our approach
[20]), see also [21] for more recent reviews of the subject.
There are two basic observational techniques to investigate a gravitational potential at
the Galactic Center, namely, a) monitoring the orbits of bright stars near the Galactic Center
to reconstruct a gravitational potential [22] (see also a discussion about an opportunity to
evaluate black hole dark matter parameters in [23] and an opportunity to constrain some
class of an alternative theory of gravity [24]); b) in mm-band with VLBI-technique measuring
a size and a shape of shadows around black hole giving an alternative possibility to evaluate
black hole parameters. Doeleman et al. evaluated a size of the smallest spot for the black
hole at the Galactic Center with VLBI technique in mm-band [25] (see also constraints done
from previous observations [26]). Theoretical studies showed that the size of the smallest
spot near a black hole practically coincides with shadow size because the spot is the envelope
of the shadow [27–29]. As it was shown [28, 29], measurements of the shadow size around
the black hole may help to evaluate parameters of black hole metric [60]. Sizes and shapes of
shadows are calculated for different types of black holes and gravitational lensing in strong
gravitational field has been analyzed in a number of papers [34].
We derive an analytic expression for the black hole shadow size as a function of the Λ-term.
The result shows that there is an Λ-term impact on observational quantities for gravitational
lensing because shadow formation is a clear illustration of gravitational focusing.
We conclude that observational data concerning shadow size evaluation for the Galactic
Center are consistent with significant negative Λ-terms which play important role in string
theory [35] (see also, [36]).
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II. BASIC EQUATIONS
There is the Kerr – Newman – de-Sitter solution [37] which a generalization of the Kerr
– Newman solution with the Λ-term. Carter separated variables and found a complete set
of first integrals for this case [37] similarly to the Kerr – Newman case [38].
The expression for the Kottler (Schwarzschild – de-Sitter) metric in natural units (G =
c = 1) has the form [2, 37, 39], we
ds2 = −
(
1−
2M
r
−
1
3
Λr2
)
dt2 +
(
1−
2M
r
−
1
3
Λr2
)−1
dr2 + r2(dθ2 + sin2θdφ2). (1)
where M is the mass of the black hole and we use the conventional nomination for the
Λ-term.
We will remind the horizon structure for Λ < 0. Really, we have for the metric (1) (see,
for instance [39])
rh = −
[
−
3M
Λ
+
(
9M2
Λ2
−
1
Λ3
)1/2]
+
[
−
3M
Λ
−
(
9M2
Λ2
−
1
Λ3
)1/2]
. (2)
while for Λ > 0 we have three apparent singularities corresponding to vanishing g00 compo-
nent of the metric tensor
ru = −2Λ
−1/2 cos
(
1
3
ψ
)
(3)
rh = 2Λ
−1/2 cos
(
1
3
(pi + ψ)
)
, (4)
rc = −2Λ
−1/2 cos
(
1
3
(pi − ψ)
)
, (5)
where
ψ = arccos(3MΛ1/2), (6)
rh, ru, rc are measuring in M units.
Applying the Hamilton–Jacobi method to the problem of geodesics in the Kottler metric,
the motion of a test particle in the r-coordinate can be described by following equation (see,
for example, [37, 39])
r4(dr/dλ)2 = R(r), (7)
where λ is the affine parameter [40, 41] and for the polynomial R(r) we have [37, 39]
R(r) = r
[
1
3
Λm2r5 − (E2 −m2 +
1
3
ΛL2)r3 + 2m2Mr2 − L2r + 2ML2
]
, (8)
4
Here, the constants m,E and L are associated with the particle, i.e. m is its mass, E is
energy at infinity and L is its angular momentum at infinity.
We will consider the motion of photons (m = 0). In this case, the expression for the
polynomial R(r) takes the form
R(r) = r
[
(E2 +
1
3
ΛL2)r3 − L2r + 2L2
]
. (9)
Depending on the multiplicities of the roots of the polynomial R(r), we can have three
types of photon motion in the r - coordinate [42]. If an observer is located at infinity for
Λ < 0 or at ro (rh < ro < rc), we have:
(1) if the polynomial R(r) has no roots for r ≥ rh, a test particle is captured by the black
hole;
(2) if R(r) has roots and (∂R/∂r)(rmax) 6= 0 with rmax > rh (rmax is the maximal root),
a particle is scattered after approaching the black hole;
(3) if R(r) has a root and R(rmax) = (∂R/∂r)(rmax) = 0, the particle now takes an
infinite proper time to approach the surface r = const.
If we are considering a photon (µ = 0), its motion in the r-coordinate depends on the
root multiplicity of the polynomial Rˆ(rˆ)
Rˆ(rˆ) = R(r)/(M4E2) = rˆ
[
(1 +
1
3
Λˆξ2)− ξ2rˆ2 + 2ξ2
]
, (10)
where rˆ = r/M, ξ = L/(ME) and Λˆ = ΛM2. Below we do not write ∧ symbol for these
quantities.
III. DERIVATION OF SHADOW SIZE AS A COSMOLOGICAL CONSTANT
Let us consider the problem of the capture cross section of a photon by a black hole.
It is clear that the critical value of the impact parameter for a photon to be captured by
a black hole depends on the root multiplicity of the polynomial R(r). This requirement is
equivalent to the vanishing discriminant condition [44]. Earlier, to find the critical value of
impact parameter for Schwarzschild and Reisner – Nordstro¨m metrics the condition has been
used for corresponding cubic and quartic equations [45–47]. In particular, it was shown that
for these cases the vanishing discriminant condition approach is more powerful in comparison
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with the procedure excluding rmax from the following system
R(rmax) = 0, (11)
∂R
∂r
(rmax) = 0, (12)
as it was done, for example, by Chandrasekhar [33] (and earlier by Darwin [43]) to solve
similar problems, because rmax is automatically excluded in the condition for vanishing
discriminant.
Introducing the notation α =
ξ2
1 + 1
3
Λξ2
, we obtain
f(r) = R(r)/(1 +
1
3
Λξ2) = r3 − αr2 + 2α. (13)
We remind the discriminant definition for cubic equation. If we consider an reduced
polynomial g(x) with the third degree
g(x) = x3 + ax+ b, (14)
then the discriminant is [44]
D = −4a3 − 27b2, (15)
Therefore, for the polynomial (13) we have the following condition for the multiple roots
D = 4α3 − 108α2, (16)
or α = 27, so
ξ2cr =
27
1− 9Λ
. (17)
To find a radius of photon unstable orbit we will find the multiple root rcr of the polynomial
(13) substituting ξcr in the relation. It is easy to see that rcr = 3. Similar results can
be obtained with analysis of corresponding potentials [39] as it was described earlier. For
Λ = 0 one obtains the well-known result for Schwarzschild metric [40, 41, 48]. However,
the vanishing discriminant condition allows immediately eliminate the radial coordinate in
equations for critical values of the parameters.
As it was explained in [29] this leads to the formation of shadows described by the critical
value of ξcr or, in other words, in the spherically symmetric case, shadows are circles with
radii ξcr. Therefore, by measuring the shadow size, one could evaluate the cosmological
constant in black hole in units M−2.
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IV. CONSEQUENCES
A. Observational constraints on the Λ-term at the Galactic Center
As one can see from Eq. (17) shadows disappear for Λ > 1/9, and there exist for Λ < 1/9
and for positive Λ its presence decrease shadow dimension while for negative Λ we have an
opposite tendency (see, Fig. 1).
FIG. 1: Shadow (mirage) radius (solid line) in M units as a function of dimensionless Λ. The
critical value Λ = 1/9 is shown with the dashed vertical line.
If we adopt the distance toward the Galactic Center d∗ = 8.3(±0.4) kpc (or d∗ =
8.35(±0.15) kpc [49]) and mass of the black hole MBH = 4.3(±0.4) × 10
6M⊙ [50, 51] (a
significant part of black hole mass uncertainty is connected with a distance determination
uncertainty [51]), then we have the angle 10.45 µas for the corresponding Schwarzschild
radius Rg = 2.95 ∗
MBH
M⊙
∗ 105 cm roughly with 10% uncertainty of black hole mass and
distance estimations, so a shadow size for the Schwarzschild black hole is around 53 µas.
A couple of years ago Doeleman et al. [25] claimed that intrinsic diameter of Sgr A∗
is 37+16
−10 µas at the 3 σ confidence level. If we believe in GR and the central object is a
black hole, then we have to conclude that a shadow is practically coincides with the intrinsic
diameter, so in spite of the fact that a Schwarzschild black hole is marginally consistent with
observations, a Schwarzschild – anti-de-Sitter black hole provides much better fit of a shadow
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size. Later on, an accuracy of intrinsic size measurements was significantly improved, so Fish
et al. [52] gave 41.3+5.4
−4.3 µas (at 3 σ level) on day 95, 44.4
+3.0
−3.0 µas on day 96 and 42.6
+3.1
−2.9 µas
on day 97. If we adopt a shadow size as 43 µas, we can conclude that the Λ-term is about
−0.4× 10−20m−2, so we have signatures of Schwarzschild – anti-de-Sitter black hole.
The absolute value the Λ-term is many orders of magnitude higher than the mean value
expected from cosmological data, however, an enormous progress of observational facilities
gives a hope that a precision of the estimates of dark energy component from this kind of
data will be significantly approved very soon, moreover, for black holes with higher masses
the Λ estimate can be more accurate. So, since Λˆ is evaluating in M−2 units one can
significantly improve an accuracy of Λ estimates increasing a black hole mass. For instance,
MM87 is higher MSgrA∗ more than in 10
3 therefore Λ estimates may be at least in 106 times
better with the same observational facilities.
The black hole in the elliptical galaxy M87 looks also perspective to evaluate shadow size
[53] (probably even its shape in the future to estimate a black hole spin) because the distance
toward the galaxy is 16± 0.6 Mpc [54], black hole mass is MM87 = (6.2± 0.4)× 10
9M⊙ [55],
so that an angle (7.3 ± 0.5)µas corresponds to the Schwarzschild radius [53], so the angle
is comparable with the corresponding value considered earlier for our Galactic Center case.
Recently, it was reported that smallest shadow size is 5.5± 0.4RSCH with 1 σ errors (where
RSCH = 2GMM87/c
2) [53], so that at the moment the shadow size is consistent with the
Schwarzschild metric for the object.
An existence of cosmological black holes with masses around 1013 − 1017M⊙ has been
discussed [56]. As it was explained earlier in this case an analysis of shadows could give a
much better estimates of Λ-term around such objects with the same angular accuracy of the
shadow evaluation.
V. CONCLUSIONS
Solar system effects caused by Λ-term analyzed in details [57] and the most sensitive
effect is perihelion shift found in [58] and the Pioneer anomaly if exists [59]. However, as
the Pioneer anomaly example shows it is not a simple problem to evaluate systematic errors
and non-gravity effects in such studies of gravitational field in Solar system.
Based on observations [25, 52] one can say that for the Schwarzschild black hole model
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we have tensions between evaluations of black hole mass done with observations of bright
star orbits near the Galactic Center and the evaluated shadow size. To reduce tensions
between estimates of the black hole mass and the intrinsic size measurements, one can
use the Schwarzschild – anti-de-Sitter metric with a significant negative Λ-term around
−0.4 × 10−20m−2. However, in spite of the signatures of the negative Λ-term, one can not
claim that anti-de-Sitter black hole has been discovered in the Galactic Center because the
issue needs further observational studies and confirmations.
Recent estimates of the smallest structure in the M87 published in paper [53] do not need
an introduction of Λ -term (positive or negative) to fit observational data because sizes of
the smallest spot near the black hole at the object are still consistent with the shadow size
evaluated for the Schwarzschild metric.
There is a clear impact of Λ-term on gravitational lensing because a shadow formation is
gravitational lensing phenomenon in a strong gravitational field and shadow dimensions are
observable in spite of the fact that at the moment an accuracy of such measurements is not
good enough to evaluate a Λ-term comparable with the cosmological constant.
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